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We investigate the interacting two-component bosonic gases with spin-orbit (SO) coupling in
one dimension. Through a gauge transformation, the effect of SO coupling is incorporated into
a spin-dependent twisted boundary condition. We solve the SO coupled system analytically by
using the BA method. Our result shows that the SO coupling can influence the eigenenergy in
a periodical pattern. The interplay between interaction and SO coupling may induce the energy
level crossings for the lowest energy spectrum, which leads to a transition from the ferromagnetic
to antiferromagnetic state.
PACS numbers: 67.85.-d, 67.60.Bc, 03.75.Mn
I. INTRODUCTION
The experimental success in manipulating cold atoms
in effective one-dimensional (1D) waveguides has deep-
ened our understanding of the properties of the low-
dimensional quantum gases [1–4]. Meanwhile, studies of
synthetic gauge field in cold atom systems have also made
great progresses: pioneering experiments of NIST group
have generated the effective magnetic fields, electric fields
and spin-orbit (SO) coupling in ultracold Bose gases [5].
The SO-coupled Fermionic gases have also been realized
recently [6, 7]. Intriguing phenomena in condensed mat-
ter physics, such as quantum spin Hall effect and topo-
logical insulators [9, 10], where electrons play the ele-
mental role in these physical systems, are revealed in the
SO coupling systems. The realization of SO coupling in
cold bosonic systems opens a completely new avenue for
studying the physics of Abelian or non-Abelian gauge po-
tentials beyond the traditional condensed matter physics.
Many theoretical researches have revealed interesting
phenomena for SO coupled bosonic systems. For exam-
ple, a single plane wave phase or a stripe phase in spin-
1/2 Bose-Einstein condensates (BECs) with SO coupling
has been predicted depending on the intraspecies inter-
action larger or smaller than that of interspecies [11, 12].
The collective modes [13], stability of BECs with SO cou-
pling [14, 15], and the phases in the presence of harmonic
traps and rotation [16–21] have also been studied. Most
of these investigations restricted on mean-field approxi-
mation in the weakly interacting regime. However, mean-
field theory fails in the strong interaction limit. In order
to get a complete physical picture of SO coupled system,
the exact solution for SO coupled cold atom system is
highly desirable.
In this paper, we solve analytically the SO coupled
∗Electronic address: chenxing@iphy.ac.cn
spin-1/2 bosonic system in a ring trap by the Bethe-
ansatz (BA) method. In this system, SO coupling affect
the eigenenergy periodically. A pioneering research pro-
posed to realize the spatially periodic Raman coupling
for a two component Bose-Einstein condensates by using
two intersecting laser beam, which provides a platform
to investigate these system experimentally [8]. The SO
coupling brings new physics to Bosonic system, particu-
larly in the strongly interacting regime. In the absence
of SO coupling, the ground state of the spin-1/2 bosonic
system is the ferromagnetic state by solving BA equa-
tions [22–25]. By adding the SO coupling, we find that
the competition between the SO coupling and interac-
tion produce energy level crossings for the lowest energy
spectrum in the strongly interacting regime. The ground
state of the system may change from a ferromagnetic
state to an antiferromagnetic state.
The present paper is organized as follows. In Section
II, we introduce the model and solve it by using BA
method. By employing a rather general transformation,
SO coupling effect could be transformed to the twisted
boundary condition. The eigenenergy is got by solving
the BA equtions and the energy level crossings are shown.
In Section III, we study the BA equations in the strongly
interacting regime and demonstrate that the antiferro-
magnetic state can be the ground state. A summary is
given in Section IV.
II. MODEL AND SOLUTION
We consider a two-component bosonic gas confined in
a 1D ring trap in the presence of SO coupling with the
Hamiltonian given by Hˆ = Hˆ0 + Hˆint with
Hˆ0 =
∫
dxΨˆ† (x)
(
−
~
2
2m
∂2
∂x2
− 2iασz
∂
∂x
)
Ψˆ (x) , (1)
where Ψˆ† = (Ψˆ†↑, Ψˆ
†
↓) represents two internal states of
bosonic atoms, α denotes the spin-orbit coupling strength
2and σz is the Pauli matrix. Here, we consider a quasi-one-
dimensional situation with the transverse motion tightly
confined in its ground state. The ring trap enforces
the periodic boundary condition Ψˆσ (x) = Ψˆσ (x+ L).
The interaction term is generally represented as Hˆint =∫
dx(g1nˆ
2
↑+ g2nˆ
2
↓+2g12nˆ↑nˆ↓), where g1,2 and g12 denote
the strengths of intraspecies and interspecies interaction,
which are experimentally tunable. In this work, we shall
focus on the case with spin-independent interaction, i.e.,
g1 = g2 = g12 = c, for which interaction term can be
represented as Hˆint = c
∫
dxnˆ2 with nˆ = nˆ↑ + nˆ↓. We
shall set ~
2
2m = 1 in the following text for convenience.
It is difficult to solve the Hamiltonian with spin and
momentum coupled together. Using a rather general
transformation [26]
Ψˆσ (x) = Φˆσ (x) e
−iαxσz , (2)
the Hamiltonian is rewritten as follows,
Hˆ0 = −
∑
σ
∫
dxΦˆ†σ (x)
∂2
∂x2
Φˆσ (x) −Nα
2, (3)
and the form of Hˆint = c
∫
dxnˆ2 is invariant with nˆ =
Φˆ†Φˆ and Φˆ† = (Φˆ†↑, Φˆ
†
↓). The operator Φˆσ (x) and Φˆ
†
σ (x
′)
also satisfy commutation relation [Φˆ†σ (x) , Φˆσ′ (x)] =
δσσ′δ(x − x
′). Meanwhile, the total momentum now is
represented as Kˆ =
∑
σ
∫
dxΦˆ†σ (x)
(
−i ∂∂x − ασz
)
Φˆσ (x)
which is spin-dependent. The Schro¨dinger equation is
Hˆ |Φ〉 = E|Φ〉, where the wave function is given by
|Φ〉 =
∑
κ
∫
φκ (x1...xN )
∏
i=1...N
Φˆ+σi (xi) dxi |0〉 , (4)
here κ denotes σ1, σ2..., σN corresponding to the spin in-
dex for different particles. By applying the wave function
to the Schro¨dinger equation, we get
Hφκ (x1, ..., xN ) = Eφκ (x1, ..., xN ) (5)
with
H = −
N∑
i=1
∂2
∂x2i
+ 2c
∑
i<j
δ (xi − xj)− α
2N, (6)
It is worth mentioning that SO effect is not omitting
but transformed to the spin-dependent twisted boundary
condition. Explicitly, the periodic boundary condition
Ψˆσ (x+ L) = Ψˆσ (x) under the transformation Eq.(2) is
changed to be
Φˆσ (x+ L) = Φˆσ (x) e
iσzαL, (7)
Correspondingly, the wave function now should satisfy
φκ (x1, ...xj + L..., xN ) = e
iσj,zαLφκ (x1, ...xj ..., xN ) .
(8)
The model of two-component bosons described by
Eq.(6) is analytically solvable by BA under periodic
boundary condition [22]. The eigenstates can be charac-
terized by the total spin S of the system which varies from
0 toN/2. The ground state of interacting two-component
bosons corresponds to the ferromagnetic state with S =
N/2. Now the problem of solving one-dimensional inter-
acting two-component bosonic gases with SO coupling is
simplified as solving the integrable model of (6) under
the twisted boundary condition of (8), for which we can
still obtain exact solutions by the same method as orig-
inally developed in [27]. The system is solvable by the
same Bethe-type wavefunction as below
φκ (x1...xN ) =
∑
P,Q
θ
(
xqN − xqN−1
)
...θ (xq2 − xq1)
×A (Q,P ) ei
∑
j
kpjxqj , (9)
where Q = {q1, q2, ..., qN} and P = {p1, p2, ..., pN} de-
note permutations of 1, ..., N . θ (x2 − x1) is the step func-
tion and {kj} represent quasimomenta with j = 1, ..., N .
A (Q,P ) are coefficients to be determined, which should
fulfill the following relations
A (Q; ...i, j...) = Y abji A (Q; ...j, i...) , (10)
where Y abjl =
(kj−kl)Pqaqb−ic
kj−kl+ic
with Pqa,qb permutating qa,
qb in A (...qa, qb..., P ). The scattering matrix remains the
same as in the model with periodic boundary conditions.
For eigenstate with total spin S = 12 (N − 2M) (0 ≤
M ≤ N/2) under the twisted boundary condition (8), we
obtain the following BA equations
ei(kj−α)L = −
N∏
l=1
kj − kl + ic
kj − kl − ic
M∏
β=1
kj − λβ − ic
′
kj − λβ + ic′
, (11)
N∏
j=1
λζ − kj − ic
′
λζ − kj + ic′
= −ei2αL
M∏
β=1
λζ − λβ − ic
λζ − λβ + ic
, (12)
where c′ = c/2 and {λβ} denote the spin rapidities. From
the above BA equations Eq.(11) and Eq.(12), one can
observe that the quasimomenta periodically depend on
α. So we let α = α0 +
2pin
L with α0 ∈
[
0, 2piL
]
and n
being integer. In fact, we need only consider α0 ∈
[
0, piL
]
.
The quasimomentum for α0 ∈
[
pi
L ,
2pi
L
]
can be deduced
from α0 ∈
[
0, piL
]
by two steps: first by taking −α0 ∈[
− piL , 0
]
with solution −kj and −λζ , second by shifting
α0 to −α0 +
2pi
L ∈
[
pi
L ,
2pi
L
]
with the solution unchanging.
Taking logarithm of the above equations Eq.(11) and
Eq.(12), we get
(kj − α)L = 2piIj −
N∑
l=1
2 tan−1
kj − kl
c
+
M∑
β=1
2 tan−1
kj − λβ
c′
, (13)
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FIG. 1: (Color online) The lowest energy spectrum as a func-
tion of c and the total spin S without SOC while N = 16,
α = 0. Here ε is in units of Nk2
c
and c is in units of kc.
The ground state is a ferromagnetic state with S = 8. These
energy levels satisfy E(S) < E(S′) for S > S′.
N∑
j=1
2 tan−1
λζ − kj
c′
= 2piJζ+2αL+
∑
β
2 tan−1
λζ − λβ
c
,
(14)
where Ij with j = 1, ..., N and Jζ with ζ = 1, ...,M
denote the density quantum numbers and the spin quan-
tum numbers, resepectively. Here Ij and Jζ are integer
(half-integer) depending on N −M is odd (even). Tak-
ing the periodic property of α into account and letting
Ij = Ij0−n and Jζ = Jζ0−2n, the above equations could
be reduced to
(kj − α0)L = 2piIj0 −
N∑
l=1
2 tan−1
kj − kl
c
+
M∑
ζ=1
2 tan−1
kj − λζ
c′
, (15)
N∑
j=1
2 tan−1
λζ − kj
c′
= 2piJζ0 + 2α0L
+
M∑
β=1
2 tan−1
λζ − λβ
c
. (16)
The corresponding eigenenergy is given by
E = ε−Nα2 (17)
with ε =
∑
j k
2
j . The total momentum is given by
K = K˜ − 2Sα, (18)
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FIG. 2: (Color online) The lowest energy spectrum versus c
for different S with SOC while N = 16 and α = 0.95kc/N .
The energy level crossings are shown. In the strong interac-
tion limit, the ground state is transformed to the antiferro-
magnetic state with S = 0.
with
K˜ =
∑
j
kj =
2pi
L

 N∑
j=1
Ij0 −
M∑
ζ=1
Jζ0

+ 2Sα0. (19)
In the absence of the SO coupling, the model is re-
duced to the SU(2) integrable two-component bosonic
model [22–24]. For a given S, we can get the eigenen-
ergy by solving BA equations. The ground state of this
system is ferromagnetic state with S = N/2 and the cor-
responding ground energy is degenerate for Sz ∈ [−S, S].
For a system with N = 16, we calculate the lowest en-
ergies versus the interaction strength c for different to-
tal spin S, as shown in Fig. 1. Here the parameters c
and E are in units of kc and Nk
2
c where kc is defined
as kc = piρ = piN/L. Apparently, E(S) < E(S
′) for
S > S′ in the whole regime of interaction strength and
the ground state is a ferromagnetic state with maximum
S. This is different from the case of spin-1/2 fermionic
gases, where the ground state is antiferromagnetic state
with S = 0 and E(S) < E(S′) for S < S′ [28]. In the
strong interaction limit, the ground energy for different
S go to the same value and become degenerate in the
infinite interaction limit [29–31].
In the presence of the SO coupling, the energy of
ground state for different S can be obtained by solving
the BA equations. Fig.2 shows the lowest energy spec-
trum as the function of the interaction strength for differ-
ent S with α = 0.95kc/N = 0.95pi/L. For weak interac-
tion, the energies satisfy E(S) < E(S′) for S > S′. When
interaction increases, the level crossing would appear and
the ferromagnetic state is no longer ground state. For the
strong enough interaction, the energy levels fulfill the re-
lation of E(S) < E(S′) for S < S′, which is opposite
4to the law in Fig. 1. That is to say, the ground state
of the two-component bosonic system transfers from the
ferromagnetic state to the antiferromagnetic state.
III. STRONG COUPLING LIMIT
To futher investigate how the SO coupling affects the
ground state energy, we discuss the strong interaction
limit, which permits us to get some analytical expres-
sions for the energy spectrum. In the strong coupling
limit, λζ are proportional to the interaction strength c
whereas kj remain finite [32]. Applying the Taylor ex-
pansion to Eq.(15) and Eq.(16), the equations of kj and
λζ are simplified as(
kj −
K˜
N
)
=
2pi
L
Ij0 −
2pi
LN
N∑
j=1
Ij0
−
2ρ
c
(
kj −
K˜
N
)(
1−
v
2N
)
, (20)
2N tan−1
λζ
c′
= 2piJζ0+2α0L+
M∑
β=1
2 tan−1
λζ − λβ
c
(21)
with v =
∑M
ζ=1
1
1/4+(λζ/c)
2 . For the state of M = 0 (or
even M), Ij0 = − (N − 1) /2... (N − 1) /2, from Eq.(20),
we can get
k˜j =
2pi
L
Ij0 −
2ρ
c
k˜j
(
1−
v
2N
)
with k˜j = kj −
K˜
N . For elementary spin excitations of
M = 1 (odd M)[23], I1j0 = −N/2, ..., N/2− 1, similarly,
k˜j is given by
k˜j =
2pi
L
(
I1j0 +
1
2
)
−
2ρ
c
k˜j
(
1−
v
2N
)
Since I1j0 +
1
2 = Ij0 , in general, the equations for quasi-
momenta kj are represented as
kj =
2piIj0
L
(
1 + 2ρc
(
1− v2N
)) + K˜
N
, (22)
In the strong coupling limit c/ρ → ∞, kj = 2piIj0/L +
K˜/N . From Eq.(19), it can be seen that K˜ is influ-
enced by the total spin. Without SO coupling, the quasi-
momenta {kj} are independent on the total spin. In
contrast, with SO coupling, the quasimomenta {kj} are
shifted by the term 2α0S/N for various total spin S. Sub-
stituting the above equation into ε =
∑
j k
2
j , we get
ε =
pi2
3
N(N2 − 1)
L2(1 + 2ρc
(
1− v2N
)
)2
+
K˜2
N
. (23)
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FIG. 3: (Color online) The lowest energy spectrum as a func-
tion of α for different S with N = 16, c/kc = 1000. The
SOC strength α is in units of kc and α ∈ (0, kc). The energy
changes cyclically versus α.
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FIG. 4: (Color online) An enlargement of the energy spectrum
shown in Fig.3 for α ∈ (0, kc/N). The energy crossings are
clearly shown. The ferromagnetic state is the ground state
while α = 0. With the increase of α, the ground state is
transformed to the antiferromagnetic state.
From Eq.(23), it is shown that the ground energy de-
pends on SO coupling parameter α in two aspects. First,
the spin rapidity λζ is dependent on α0 from its self-
consistent Eq.(21). Second, from Eq.(19), K˜ is the func-
tion of α0. In the strong interaction limit c/ρ → ∞, as
ρ/c→ 0, the contribution of spin rapidity can be ignored.
Only the term K˜2/N will affect the energy for different
S.
In the case of even N and M , the quantum num-
bers Jζ0 = −(M + 1)/2 − ζ with ζ = 1...M . Here
5from Eq.(19), K˜ = 2Sα0 and K˜ is proportional to S.
From Eq.(22), while c/ρ→∞, the quasimomenta satisfy
kj = 2piIj0/L + 2α0S/N . From Eq.(23), the energy is
given by
ε
k2cN
=
N2 − 1
3N2
+
(
α0
kc
)2(
2S
N
)2
. (24)
It is obvious that the energy takes lowest value for S = 0.
The SO coupling favors antiferromagnetic state as the
ground state. As large but finite interaction, the energy
level crossings occur due to competition between SO cou-
pling and interaction. In Fig. 3, we show the lowest en-
ergy levels versus α in the strongly interacting case with
c/kc = 1000, where the SO coupling parameter is cho-
sen in the range of α/kc ∈ (0, 1). The cyclical change of
energy with the increase of α coincides with our previ-
ous discussion. In Fig. 4, the lowest energy spectrum is
plotted versus α with the range α/kc ∈ (0, pi/L) which is
the half of the period of α in Fig. 3. When α = 0, the
energy levels fulfill E(S) < E(S′) for S < S′. With the
increase of α, energy level crossings appear for different
S. When α is large enough, the energy levels satisfy the
opposite law. After the crossing, the energy differences
for various S become larger with increasing α.
Before ending the paper, we would like to give a remark
on the interacting spin-1/2 fermionic model with SO cou-
pling, for which the SO coupling induced level crossing
is absent. As for the 1D interacting spin-1/2 fermionic
gas [33], the ground state is an antiferromagnetic state
(S = 0) in the absence of SO coupling. In the presence
of SO coupling, one can still use the gauge transforma-
tion to transform the problem into an integrable spin-1/2
fermionic model with a spin-dependent twisted boundary
condition [26, 27], and the system is determined by the
following BA equations
(kj − α)L = 2piIj −
M∑
ζ=1
2 tan−1
kj − λζ
c′
, (25)
N∑
j=1
tan−1
λζ − kj
c′
= 2piJζ − 2αL+
M∑
β=1
2 tan−1
λζ − λβ
c
.
(26)
In the strong interaction limit, the energy is
ε =
pi2
3
N(N2 − 1)
L2
(
1 + vcL
)2 + K˜2N .
Similar to the bosonic case, the SO coupling still favors
the antiferromagnetic state as the ground state. The
SO coupling does not lead to level crossing for spin-1/2
fermions, i.e., the ground state will always be an antifer-
romagnetic state.
IV. SUMMARY
In summary, we have analytically solved 1D interacting
spin-1/2 bosonic gases with SO coupling. As the effect
of SO coupling can be absorbed into the twisted bound-
ary condition, we get the exact solution to this system by
BAmethod and find that the corresponding eigenenergies
are periodically dependent on the SO coupling. The in-
terplay between interaction and SO coupling has revealed
the existence of energy level crossing and the ground state
phase transition from the ferromagnetic state to antifer-
romagnetic state.
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